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Abstract 
Ray-Chaudhuri, D.K., T. Zhu, A recursive method for construction of designs, Discrete 
Mathematics 106/107 (1992) 399-406. 
In this paper, we generalize Blanchard and Narayani’s constructions of designs in the following 
ways. 
(1) By applying an orthogonal array to the construction, we can reduce the parameter 1. 
Moreover we get a family of designs with fixed t, k, u, and varying A. 
(2) Instead of using a design as a base (so-called exterior design by Blanchard and 
Narayani), we use an ordered design as a base, and compose several designs to produce a new 
design. 
1. Introduction 
Let X be a set of size U. 9(X) denotes the set of k-subsets of X. A simple 
t-(v, k, A) design, denoted by S(A, t, k, v), is a set of k-subsets 53 c Pk(X), such 
that every t-subset of X is contained in exactly )L members of 93. The k-subsets in 
93 are called the blocks of the design. Since we will deal with only simple designs, 
in the sequel we will delete the adjective simple. 
In [2], Blanchard and Narayani constructed many new designs by composing 
three known designs. In this paper, we generalize their constructions and get 
some new designs. 
First, we briefly introduce their constructions. Because of later discussions, our 
approach is slightly different from the original one. Let 9$ be an S(&, t, k,, v,) 
design on a set X, the so-called exterior design in [2], and let SO, 9& be an 
,!?(A,, t, k,,, Q) design and an s(&, t, k,, v,) design respectively on a set Y, the 
so-called interior designs in [2]. The goal is to construct an S(h, t, k, v,uO) design 
on the set X x Y, for some k and A. 
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For any B E Be, B is a &-subset of X. Define 
ii, C,) ( A, E CBl: x E B; C, E %3,,: z E X\B , 
where (x, A,) = {(x, a) 1 a E A,}, (z, C,) = {(z, c) 1 c E C,). Clearly, 
is a k= k,k, + (v, - k,)ko subset, i.e., p(B)s ?&(X x Y). p(B) contains 
]!B,J’-ke~ 1.93ilke subsets of ?$(X x Y). Let PA?= lJeeye,p(B). Obviously, 1931 = 
19&l x 191,,IVe-ke x IB,lke. 93 is the candidate for the design we are looking for. In 
general, 93 is not a design. The following two compatibility conditions must be 
satisfied. 
(i) Every t-subset is contained in exactly the same number of blocks of 93. 
(ii) No block is repeated. 
Let T = {(xi, Y,), (G, YZ), . . . , (x,, yt)} be a t-subset of X x Y, and A(T) be the 
number of blocks in 93 containing T. The interesting fact is that A(T) depends 
only on the distribution pattern of {x,, x2, . . . , x,}. We will find an explicit 
expression of ii(T) as a function of the distribution pattern of {x,, x2, . . . , x,} as 
well as the parameters of the exterior and the interior designs in Section 2. 
Obviously, the condition (i) now becomes the equality of those A(T)‘s. When 
t = 2, there are only two values of A(T). The equality has been simplified in [2] as 
vo(v, - l)(k( “;) + (ve - k)( “2”)) 
= (vo- l)(k:(;) +k,k~ke(vr - ke) + ke (v~,kq). 
One may find that this condition is independent of A,, A, and A,. In fact even for 
general t, the compatibility conditions do not depend on the values of A’s, and 
that is a very useful fact in looking for designs with compatible parameters. 
To meet the condition (ii), we will assume that: 
(a) &fki, or 
(b) k,, = k,, and BO, %i have no common blocks. 
If 943 is a t-design, then the parameters will be given by 
v = V,V~, 
k = k,k, + (v, - k,)ko, 
,I = (k,& ICC~~J’~-~~ l%‘,lkp-’ + (v, -k,)& ~&,l”e-ke-’ )2&lk=) 1’33eJve. 
With the aid of computers, many new designs have been constructed in this way 
in [2]. 
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2. The application of orthogonal arrays 
As we can see the designs constructed from the above construction usually have 
a very large number of blocks, therefore a very large A. This is the weakness of 
the construction. In this section, we try to reduce the A by deploying orthogonal 
arrays to the construction. 
An orthogonal array OA(/3, f, k, ZJ) is a set of k-tuples, i.e., OA(P, t, k, v) = 
{(PI, Pz, . . . , pk) 1 1 ~pi s v}, containing no repeated tuples, such that for any 
set of fixed t columns, the restriction of those k-tuples to the t columns covers 
every t-tuples exact p times. Here we have taken the integers 1,2, . . . ,u as the 
symbols. Clearly, the total number of k-tuples in an OA(P, t, k, v) is /?zJ’. If 
OA(P, t, k, v) contains all the k-tuples, it is called the trivial orthogonal array. 
For the existence of orthogonal arrays, readers are referred to [5]. Here we list 
a few results. 
(1) OA(1, t, t + 1, v) exists for all t and V. 
(2) OA(1, t, q + 1, q) exists for all prime powers q 2 t. 
(3) OA(1,2,4, V) exists for TV > 6. 
(4) The trivial orthogonal array OA(vk-‘, t, k, v) exists for all t, k and n. 
(5) If an OA(h, t, k, ZJ) exists, then an OA(AV”, t, k + s, v) exists, for all s > 0. 
The following theorem is due to Teirlinck [5]. 
Theorem (Teirlinck). Zf an OA(l, t, k, v) exists, then OA(P, t, k, v) exist for all 
1 G p 6 vk-l. 
The idea of the proof of this theorem is to partition all the k-tuples into 
OA(l, t, k, v), the so-called large set of orthogonal arrays, and to take unions of 
several OA(l, t, k, v) to obtain an OA(& t, k, v). 
In the following, we suppose that the underlying set of the exterior design is 
x = {1,2,. . . ) v}. For every B E Be, write B = {x1, x2, . . . , xk,} and X\B = 
{ 21, 22, . . . 3 &ke>> where Xi <xi and zi < zi, for all i <j. Let BR, = 
{A,, AZ,. . .,&J and %={CltC2,..., C,,} be the two interior designs on a 
set Y, where bO= ].SO], b, = ]9&]. Suppose an OA(&, t, k,, b,) and an 
OA(/3,, t, v, -k,, b,) exist. 
For any B E Se, define 
o(B) = ( Lgl (xi, Api) U VIQ: (zip Cq) ( 
(PI, P2,. * . , P,c,) E OWL t, kc, 6,)s 
(41, q2,. . . 3 qv,--kc) E OMB,, t, v, - k-7 h,) . 
Observe that 
402 D.K. Ray-Chaudhuri, T. Zhu 
is a k = k,kl + (v, - k,)k,, subset of X X Y, and p(B) G .9&(X x Y), and Ip( = 
POP1 lBOl’ I~J. Let 232 = U BEBB, p(B). 93 is the candidate for the set of blocks of 
the wanted design. Obviously, 131 = [9&l J30pl I53J ~.93,~‘, which can be much 
smaller than 1.9&l 19301”e-ke I B,lke. It is also clear that the Blanchard and Narayani 
construction is a special case of this construction, i.e., the case when the two 
orthogonal arrays are trivial. 
To study the compatibility conditions, we need the following notations. 
Suppose 93’ is a S(A, t, k, v) design on a set X’, and W is an i-subset of X’, 
0 < i < t. According to the properties of a t-design, the number of blocks in 3’ 
containing W is a constant depending on i only. We denote this number by b’. 
Obviously, b” = I9l’I and b’ = A. Moreover, let W E $(X’), V E 9$(X’), i + j < t 
and V n W = 0, the number I{B E 93’ 1 B 2 W, B II V = 0}1 is a constant depend- 
ing on i, j only, which will be denoted by b’,‘. So for the interior design and 
exterior designs, we have parameters bh, b;‘, bh, bij, b’, and b’;j, etc. 
Let T = {(xl, ~9, (~2, YZ, YZ), . . . , (x,, y,)} be a t-subset of X x Y, and A(T) be 
the number of blocks in 92 containing T. Suppose S = {si, s2, . . . , sh} is the set of 
all the different xi that appear in {x1, x2, . . . , xl}, and ni is the number of times 
that si appears in {x,, x2, . . . , x,}, 1 c i G h. Obviously, t = CF==, Q. Without 
losing generality, we assume nr 3 n2 2 * * * 3 &, > 0. We want to show that ii(T) 
only depends on the distribution pattern (n,, n2, . . . , nh). 
Let B E 9J. Suppose B fl S = R. It can be calculated that the number of blocks 
in p(B) containing T is 
P,p,(s~R b;‘)(,.zm ba)(bb’-l”‘(b~)‘-*+‘“‘. 
I 
On the other hand, the number of B E 91e satisfying B fl S = R is bkR’,h-lR’. This 
argument establishes the following theorem. 
Theorem 1. Assume the notations stated above. Then 
A(T) = c b;Ri.h-IRI 
R=S 
kM%(s~R b;)(s GMb~)(b~)‘-‘R’(b~)‘h+lR’. 
I 
It can be seen from this theorem that A(T) depends on (IZ~, n2, . . . , nh) only, 
i.e., it is independent of the choice of s. We will write A(T) as A(nr, n2, . . . , nh), 
which is a function of ~zr, n2, . . . , nh and the parameters of the exterior and 
interior designs. 
When t = 2, there are only two A(nr, n2, . . . , nh)‘s, 
A(2) = B,B,(b:b:b,(b,)* + b’?(bd2b&) 
and 
3L(l, 1) = &,/3,(b~(b:)2(b,)2 +2b:,‘b:blb:b0 + b$2(b,)2(b;)2). 
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When t = 3, there are three h(ni, n2, . . . , nh)‘s, 
h(3) = PoPl(b~(b:)(bl)‘(60)3 + ~11%?(~“)2(~,)3), 
k(2, 1) = P,P,(~:~:@J,(~“)3 + ~~%~:(~,,)2(~,)2 
+ b~~‘b;b~(bo)2(b1)2 + b:*‘b:b;b,(b,)3), 
W, 1, 1) = P,P,(b:(b:)3(b,)3 + 3b:p’(b:)2bbb,(bo)2 
+ 3b~~1(b:)2b:b,(b,)2 + b:,“(b:J3(bJ3). 
In order for .% to become a design, all the il(n,, n2, . . . , nh) must be equal to 
one number. To avoid repeated blocks, we need to assume that either /co # k,, or 
k0 = k,, B0 and CL%, have no common blocks. 
If CB is a t-design, then the parameters are 
k = k&i + (v, - k&o, 
Remark. There are various techniques one can apply to the construction to get 
better results. For instance, if 6, = bo, then we can apply an OA(/3, t, v,, 6,) to 
both B and X\B simultaneously, for every B E 9$. In that case ]Bl= /3 I%$[ ]!?&I’, 
Examples. (1) LB< =S(l, 2, 2, 5), SB1 =S(3, 2, 3, 5) and CBo=S(O, 2, 1, 5) (the 
trivial l-design) are compatible [2]. Here, b, = )‘iZ$l = 10, 6, = 193’oJ = 5, k, = 2, 
V, = 5. An OA(P, t, ZJ, - k,, b,,) = OA(j3, 2, 3, 5) exists for 1~ p s 5. Applying 
the orthogonal arrays to X\B, for every B E Z$., we produce designs 
S(/3300, 2, 9, 25), 1 c /3 s 5. The design corresponding to /-l = 4 is new according 
to the recent tables in [3], and the design corresponding to p = 5 has been 
constructed in [2]. 
(2) Be = S(0, 2, 1, 4) (the trivial l-design), 3, = S(5A, 2, 6, 9), and SC, = 
S(J”, 2, 3, 9), lSJ”S7, are compatible. Here, b, = 6, = ~!?A’~,~ = 12L
OA(/?, t, ZJ!,, b,) = OA(P, 2, 4, 121) exist for 1 s /3 c (12L)‘. Applying the or- 
thogonal arrays to B and X\B simultaneously, for every B E Lf&., we produce 
designs S(96A2P, 2, 15, 36), 14 A. 6 7, 1 s /? s (12d)2. The series probably con- 
tains many new designs. 
(3) CZ?& = S(7, 2, 8, 9), GB, = S(2, 2, 4, 7), and B. = S(0, 2, 0, 7) (the trivial O- 
design), are compatible. Here, b, = (!G!&) = 7, b. = /S,,l = 1, k, = 8, 2r, = 9. 
OA(/3, t, k,, b,) = OA(P, 2, 8, 7) exist for 1 s /3 7 76. Applying the orthogonal 
arrays to B, for every B E 9$, we produce designs S(llZa, 2, 32, 63), 1 s p c 76. 
This series also contains many new designs. 
There are many designs which satisfy the compatibility conditions. Through the 
construction, many designs can be produced. We have difficulty to check which 
are new, since the recent tables in (31 only provide the existence of designs with 
vS30. 
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3. The application of ordered designs 
In this section, we replace the exterior design by an ordered design and 
compose several designs to get a new design. Ordered designs are similar to 
orthogonal arrays, which were studied by Teirlinck in [5]. 
An ordered design, OD(p, t, k, v), is a set of k-tuples with distinct coordin- 
ates, i.e., OD(P, t7 kj u) = {(pi, ~2, . . . , ok) 1 1 <pi c u, pi fpj, if i #j}, 
satisfying that the restriction of OD(p, f, k, v) to any fixed r columns covers every 
t-tuple of distinct coordinates exactly /I times. Here we have taken the integers 
1,2, . . . ) u as the symbols. The total number of k-tuples in an OD(p, t, k, v) is 
/3V(U - 1) . . . (v - t + 1). 
The following are a few results about the existence of ordered designs. 
(1) An OD(/I, t, t + 1, v) exists, if r~ - t = p;'p;* . . . p?, pL, p2, . . . , pk distinct 
primes, and ni(pl - 1) > t, [5]. 
(2) OD(L 2,q,q) exists, for all prime powers q. 
(The fact that the existence of an OA(1,2, q, q + 1) implies the existence of an 
OD(l, 2, q, q) is well known.) 
Suppose an OD(p, t, r, r) exists, and 9$ is an S(&, t, k,, v) design on a common 
set Y, for all 1 s i s r. Our goal is to construct a t-design on the set [I] x Y, where 
[r] = (1, 2, . . . ) r}. 
For any P = (pl, p2, . . . , pt) E OD(p, t, I, r), we define 
Obviously, UI=, (i, Bi) is a k = (k, + k,+ - * * + k,)-subset of [r] x Y, and 
Ip( = IQ11 lB21 . . -lBA. Let 6% = U PEOD(f3,r,r,r) P(P). Then 93 c ~14~1 x Y) and 
I’4 = lOWA t, r, r)l ISI 19321 . . . 1933,1. We want 93 to be a t-design on the set 
[r] x Y. 
Let T = {(xl, yl), (x2, y2), . . . , (x,, y,)} c [r] x Y be a t-subset, and ii(T) be the 
number of blocks in 93 containing T. 12(T) is determined by the distribution 
pattern of {xi, x2, . . . , x,} in a similar way as it was in the previous construction. 
Suppose S = {s,, s2, . . . , sh} is the set of all the different xi that appear in 
x,}. For any s E S, let n(s) be the number of times s appears in 
i::: G:: : : 1 1 x,}. Suppose P = (p,, p2, . . . , pr) E OD(p, t, r, r), it is not difficult 
to calculate that the number of blocks in p(P) containing T is 
(KES q)(n se,rJU bz,). That establishes the following theorem. 
Theorem 2. Assume the notations stated above. Then 
where the summation is taken over all the (pl, p2, . . . , pr) E OD(p, t, r, r), 
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It is not difficult to see from the theorem that ii(T) depends 
{n(s), s ES} only, i.e., it is independent of the choice of S. 
Similarly, the compatibility conditions become the equality of 
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on the sequence 
those A( T)‘s. 
When I = 2, there are only two different values of A(T). The condition can be 
simplified as 
(r - l)u{k k? - i ki} = (u - l)( (2 k,j2 - $i k:). 
i=l i=l 
When t = 3, there are only three different values of A(T) and the condition 
becomes 
ki 
0 
(r-l)(r-2)i3=(r-2)i i 
i=l U  
0 3 
Here, 6, is 1 if i = j, and is 0 otherwise. 
To avoid repeated blocks in !GB, we can assume one of the following three 
conditions. 
(1) All the ki are different. 
(2) Whenever two ki are the same, the corresponding two designs have no 
common block. 
(3) If the ordered design is OD(l, t, r, r), and there are t different ki that 
appear exact once in the set {k, , k2, . . . , k,}. 
The parameters of the obtained t-design will be given by 
u’ = ru, 
k = (k, + k, + . . . + k,), 
A = P(r - l)(r - 2) * ~~(r-t+l)(%~~~%?2~~~ 
. ‘.%’ 1; iW(;~ 
Examples for c = 2. (1) Take the ordered design to be OD(l, 2,3,3). It is 
compatible with 3, = S(0, 2, 1, 7), PZQ= S(0, 2, 1, 7), and CB3 = S(A, 2, 3, 7), 1 c 
A < 5. The produced designs are S(98A, 2, 5,21), 1 G Ad 5. The designs cor- 
responding to h = 3, 4, 5 are new according to the tables in [5], and the designs of 
A = 1, 2 have been constructed in [2]. 
(2) Let the ordered design be OD(l, 2,3,3), and 
a, = S@,, 2, 3, 9) l=il,57, 
% = S(3&, 2, 4, 9) lG&C7, 
% = S(5&, 2, 6, 9) 1 s & G 7. 
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They are compatible, and produce designs S(3456&A,A,, 2, 13, 27). According to 
the tables in [3], the designs are new when &&A, > 47. The feasible A’s are the 
following. 
A&A3 = (24, 53, 72, 73, 2 x 32, 22 x 3*, 23 x 3*, 23 x 33, 24 x 3, 24 x 32, 
2” x 3, 2 x 53, 22 x s2, 24 x 5, 2 x 72, 22 x 72, 23 x 7, 24 x 7, 3 x 52, 
32 x 7, 3 x 72,5* x 7, 5 x 7*, 22 x 3 x 5, 23 x 3 x 5, 2 x 32 x 5, 
2* x 32 x 5, 2 x 3 x 52, 22 x 3 x 7, 23 x 3 x 7, 2 x 3* x 7, 
2* x 32 x 7, 2 x 3 x 72, 2 x 5 x 7,2* x 5 x 7, 3 x 5 x 7, 
2x3~5~7). 
(3) Let the ordered design be OD(l, 2,4,4), and %I1 = S(0, 2, 1, 7), CP& = 
S(1, 2, 2, 7), B3=S(f, 2, 2, 7), S4=S(2& 2, 4, 7), 1 =GA.=s~. They are com- 
patible, and produce designs S(24696A, 2, 9, 28), 1 s A =S 7. According to the 
tables, they are all new. 
(4) Let the ordered design be OD(p, 2, 4, 4) 1 =S /3 s 2, and B, = S(0, 2, 1, 7), 
G!& = S(1, 2, 2, 7) 9?3 = S(A,, 2, 3, 7) 1 S/x, 5 7, 924 = S(2A,, 2, 4, 7) 1 = j1* =G 7. 
They are compatible and produce designs 
5(20580p&~2, 2, 10, 28) 1spc2, 1 =S A, C 7, 1<&<7. 
They are all new according to the tables. 
(5) Let OD(l, 2,5,5) be the ordered design, and BI = S(0, 2, 0, 5), %I2 = 
S(1, 2, 2, 5) B3 = S(1, 2, 2, 5), B4 = S(1, 2, 2, 5), B& = S(3, 2, 3, 5). They are 
compatible and produce a new design S(24000, 2, 9, 25). 
(6) Let OD(l, 2,5,5) be the ordered design, and %‘, = S(0, 2, 1, 5) %= 
S(1, 2, 2, 5), B3= S(1, 2, 2, 5), CB4=S(3, 2, 3, 5), P&=5(3, 2, 4, 5). They are 
compatible and produce a new design S(110000, 2, 12, 25). 
There are many 2-designs which are compatible with some ordered designs in 
this way. For t > 2, designs satisfying the compatibility conditions seem rare. 
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